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Convergence of the conical Ricci flow on 3 “^ to a soliton □ 


D.H. Phong*, Jian Song'l', Jacob Sturm^ and Xiaowei Wang ^ 


Abstract 

In our previous work |PSSW | , we showed that the Ricci flow on whose initial metric has 
conical singularities Pjlpj] converges to a constant curvature metric with conic singularities 
(in the stable and semi-stable cases) or to a gradient shrinking soliton with conical singularities 
(in the unstable case). The purpose of this note is to show that in the unstable case, that is, 
the case where Pk > P'k = that the limiting metric is the unique shrinking soliton 

with cone singularity Pk[Poo] + dfcboo]- This verifies the prediction made in |PSSW| . 


1 Introduction 

Let 552 be the round metric on and ^52 = y/—lgzzdz A dz the Kahler form, so that [a; 52 ] = 2[p\ 
for any p G 5'^. Let pi, ...,pk G 5*^ be a finite collection of points and /3i < /32 < • • • < /3fc G (0,1). 

Let ^ = X;*=i/3j[Pj]- 

A smooth metric g on S^\{pi, ...,pk} is a cone metric on (5^,/?) if it can be written in the form 


w 


n 




• US2 


for some bounded function / on where aj is a section of Kg 2 such that [aj] = 2[pj]. 
A constant curvature metric on (5^, /?) is a metric = ujs^ -I- iddip with the property 

e-70 




n 


a ■ 1^^ 

J I“S2 


• L0S2 


( 1 . 1 ) 


where 7 = 1 - 5 I] ■ 

An alternative form of CH) is 

Ric(w,^) = + ^I3j[pj] . (1.2) 

The Ricci flow is given by 

e = ——^•a;s 2 , ,/)(0) = ^0 (1-3) 

R WjWs2 

where <p = dt(j)- An alternative form of (IL3| is 

*Work supported in part by National Science Foundation grants DMS-12-66033, DMS-0847524 and DMS-0905873 
and a Collaboration Grants for Mathematicians from Simons Foundation. 


1 










dtg = —Ric((?) + "fg , g{0) = go a cone metric on . (1.4) 

Here, and in all that follows, we assume 7 > 0. We shall also assume that go is “regular” in the 
sense of jPSSW) . This means that go is smooth on S‘^\{pi, and that in a neighborhood of 

Pj there is a holomorphic coordinate z such that 


9o 


idz A dz 


(1.5) 


where 

uo, Aouo, Ao(AoUo) e C2-“(52,/3)nWi’2 . 

Here C'^’“(S'^,/3) is the Yin-Holder space defined in 0 - In particular, if uo is harmonic in a 
neighborhood of pj, then go is regular. 

Let /?; = J2j<k Pj and let 

Poo — /^A:[Poo] Pk\^oo\ 

where Poo and goo are the north and south pole respectively. Then we say f3 is stable, semi-stable 
or unstable if > f3k, P'), = /3k, or /3(, < f3k respectively. 

When /3 is stable it is known, by the work of [MRS], that the Ricci flow converges to the unique 
constant scalar metric on (S'^,/3). In [PSSW] we give a new proof of this result. We also show that 
in the semi-stable case, the Ricci flow converges to the unique constant scalar curvature metric on 
{S^Poo). 

We now assume that /3 is unstable and we let goo the unique conic shrinking soliton on (S'^,/3oo)- 
This means that gsoi (which is rotationally symmetric by uniqueness) satisfies the following equation 
on S'^\{p 

00 ; 9oo}. 


R{gsoi) — 7 + ^gsoi^soi, ^sol — o{^gsoi^soi)gsoi, f e °°''dgsoi — 2 (1-6) 


for a unique Ogoi & C'°(S'^) fl C'°°(5'^\{poo, goo}). Here R{gsoi) is the scalar curvature of gsoi- 
We wish to prove the following: 

Theorem 1 For any initial regular metric go on {S'^,/3) the Ricci flow converges to goo- 

Remark: In [PSSW] we proved that there is a partition {l,2,...,fc} = lU J into disjoint subsets 
with the following property. The flow (ED converges to the unique Kahler-Ricci solition gi j with 
cone structure 


+ {^Pj)P3 ■ 
i&I j&J 

Thus the content of Theorem 1 is that I = {pk} and J = {pi, ...,pk-i}- In particular, pk —>■ Poo 
and pi, ...,pk-i —>■ goo as t —>■ 00 . 
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2 The proof 

Let j3 = 9 ^ metric on {S'^,P). Let / S C'°(S'^) fl VL^’^(S'^). We define the 

normalized W-functional for the pair {g, /) by the same expression as in the smooth case, 


WigJ) 




( 2 . 1 ) 


We also define 

Kg) = inf{W(g,/) : [ e~Ug = 2}. 

f Js^ 

Let /ii = max{p,( 57 ^j)} and g ,2 = max{/r(g/^j) : gjj ^ goo} where, as above, 

goo = gi,j , where I = {pk} and J = {pi, ...,pfe_i} 

We shall need the following (Lemma 7.3) from [PSSW] which was proved by first showing K9t) is 
increasing along the Ricci flow, and then using the toric structure of gij to compare /i invariants. 

Lemma 1 We have pi > p 2 - Moreover, if there exists a regular cone metric go on {S'^,/3) with 
the property /i(po) > 92 , then the Ricci flow on {S'^,13) converges in the Gromov-Haudsdorff C°° 
topology to goo for any initial metric go. Thus {S'^,gt) —>■ {S^,goo) as metric spaces in the Gromov- 
Hausdorff topology. Moreover, for any compact subset K C 5^\{poo,9oo} there exists a family of 
diffeomorphisms ft'.S^^ such that ffgt —>■ goo in C°°(K). 

To prove Theorem 1, we start by choosing coordinates on in such a way that poo is the point 
at infinity and qoo is the origin in C. We define gp to be the conic metric on (S‘^,13) whose Kahler 
form is given by 


W /3 = c(/3) 


x{z)dz A dz 


n 


fc-i 

i=i 


— pj\'^Pi 


=(/ 3 ) 


(1 — x{z))dz A dz 
(1+ |z|2)2-/3. 


= Fpujps 


( 2 . 2 ) 


Here y is smooth with compact support on C and equal to one in a large ball B centered at 0 S C 
which contains pi, ...,pk-i zero on the ball 2B. The constant c(/3) is chosen so that f dgp = 2 Thus 
9 oo = 0 S C and Poo = oo S P^. 


We have 


fe-i 

Ricp^ = on the ball H . 

i=i 


Note that c(/3) is a continuous function of pi, ...,pk-i and is thus bounded from above and away 
from zero provided pi, ...,pk-i remain in a bounded subset of C. 


Let p{t) : P^ —7> P^ be the map 2 >->• tz for 0 < t < 1 and p{pj) = Pj{t). Thus Pj{f) = tpj for j < k 
and Pk{t) = Poo. Let /3(t) = Y}’j=i Then there exists g > 1 such that 


fl{t) -)> /loo and gp(^t) gpa. in the GH topology and -)> in . (2.3) 

Here and in the following, when we use notation such as L^, A etc., the background metric is 

always gps unless otherwise specified. 
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We wish to construct a family of conic metrics gt on (5'^,/3(t)) such that 


<?t —>■ ffoo 


(2.4) 


in the Gromov-Hausdorff topology and g.{gt) —>■ /r((7oo)- Since /r(goo) = Mi > M 2 we conclude that 
for t sufficiently large, g.{g{t)) > M 2 - For such a t, we let go = p{t)*g{t). Then go is a conic metric 
on {S'^,/3) with the property m(3o) > M2j and so Lemma 1 applies to give the desired conclusion. 


To define g(t) we first write 


Moo — e °°g(3^ 


for some continuous function Uao which is smooth on S'^\pao- Theorem 1.1 of Datar-Guo-Song-Wang 
|DGSW) shows Moo is a “smooth invariant conic metric”. This implies the Mqo is smooth on C\{0} 
and that there is a smooth invariant function Uqo on B with the property Uoo{z) = Uoo{w) where 
Iwp = jn particular, u{z) has a Taylor expansion of the form 


uooiz) = ao + +■■■ + 0(|z|2(™+i)(i-/3G) . 

In particular, there exist C > 0 such that on B 

1^00(2:)-Ool + \zd^Uoo\ + \z'^d:,d^u^\ < . ( 2 . 5 ) 


We would like to define g{t) := 6"^°°gpi^t)- This would satisfy (12.4p but doesn’t quite work since Moo 
is not on the complement of f3{t) so is not a regular metric in the sense of [PSSWj . 

Instead we proceed as follows. Let = 1 — y which is zero on B and 1 outside 2B. Define 

Uoo{t, z) = ao + tp{z/t){uoc{z) - ao) if t > 0 . 

Thus for each t we see Uoc{t, z) S C°“(5'^\{poo}) and Uoc{t, z) is constant on the ball tB and hence 
constant in a neighborhood of pi(t), Also, 

Uoo{t,z) —> Uoo{z) pointwise as t —>■ 0 , 


Uao{t) —>■ Moo and AgpgUooit) AgpgUoo uniformly on compact subsets of S'^\Poo ■ 

Define 

g(t) = . 

We see that for each t > 0 that g{t) satsifies (|1.5I) with Uj harmonic in a neighborhood of pj. In 
particular, g{t) is a regular metric. Moreover, 

dzd:^Uoo{t,z) = ^'{z/t)j[d:^U^+d^^Uoo] + Ip" {z /1) ^{u^{z) - Uq)) + 1p{z/t)dzdzUoo ■ 

Since |t| > c\z\ when the right side is non-zero, we conclude from (12.51) that on B 

\dzd^u^{t,z)\ < ^ , 
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for some C > 0 which is independent of t. We conclude that there exists 9 > 1 such that 
||i?(g(t))||L<! < C for all t > 0. Moreover, decreasing q slightly if necessary, ||i?(t)||L'! —t ||^( 5 oo)||l'!- 

In general, if {Xt,gt) —t {X,gca) is any Gromov-Hausdorff limit of smooth manifolds, we know 
( |Chow) ■ Lemma 6.28) that 

gigoc) > limsup/r(gt) 

Thus our goal is to show lim 7 ’_>oo inft>T M( 5 (i)) > /^(Soo) Assume not. Then there exist (5 > 0 and 
a sequence tj —>■ 00 such that 


= Kgitj)) < gi9oo)-S 

Thus for each j there is a positive function = e“A /2 ^^^t = 1 and 


( 2 . 6 ) 


WigjJj) = f - $ 2 ^ - $2log$2^ < ^{g^)-S (2.7) 

JS 2 \/ 3 (tj) 7 27 


where 7 = 1 - 5 Ej /^T 

Lemma 2 We have the following bounds. 

1. The <i>j are uniformly bounded in that is, there exists C > 0 such that 


/ 


‘hj dgps 


J d^j A d^j < C for all j 


2 . 


There exists q> 1 such that Auj —?> Au 


lim / 

3^°° Js^ 


00 in L‘^, that is 

nj A^^p^zroo)! dgps 


0 


We postpone the proof for the moment and show how the lemma leads to a contradiction. 

Part (1) implies there exists $00 S such that <i)oo that is, converges weakly to $00 

in Since ^ is a compact imbedding for all p > 1, we see that after passing to a 

subsequence, —>■ <i)oo in for all p > 1. Thus ||$j|lLP < Cp for all j and —>■ in for all 

P- 

We claim 


J ^'jRjdgj = J <^'^j{Auj +-f)dgFs ^ 

J ^L(Amoo+ 7)d5FS = J <^loRoodgj 

(2.8) 

1 = J ^^jdgj = J ^^Fp.dgps 

^ ^ J ^^*^500 = 1 

(2.9) 

j ^]\og^]dgj= J log^fFp.dpFS ^ 

J log <^>l,F 0 ^dgFS = J log ^lodgj 

(2.10) 

lim inf J 

dgj ^ 1 ^ 00 ^ 00 1 dg^ 

(2.11) 
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To prove (12.81) we note that Auj —^ Amqo hr L'^ and —>■ in for all p. Similarly (12.91) follows 

from the fact that Fp. —>• in L'^ for some q = q{$). 

To prove (|2.10l) we need only show log —>■ log in for all p. To see this, first note 

that if X, 2 / > 0 there exists 0 between x and y such that 

Ix^logx^ - y^logy^l = jd^log^ + 26»| • |x - y| < (^^(l + |xp + |yp) • |x - y| (2.12) 

by the mean value theorem (c.f. E). Now substitute x = and y = $oo and apply Holder’s 
inequality. 

Finally (I2.11L which is equivalent to 

liminf J d^jAd^j > j 9$ooA9$oo, (2-13) 

Since ^ $oo in we know 

liminf ||$j||vi/i .2 > (2-14) 

j 

But ^ $oo strongly in L?{gFs)- Thus (j2.13|) follows from p.l4|) . 

Taking the limj^oo of both sides of dll]) cinci s-pplying (j2.8[) . (j2.9jl . (j2.10jl cinci (j2. 1 ip . wc obtciin 

y'[^|V,aI>^P-$L^-‘i>Llog<l>L]e“(‘“Woo < m(5oo)-5 (2.15) 

which contradicts the definition of p,((?oo)- 

Thus we have reduced the proof of Proposition 1 to the proof of the lemma. 

To prove the lemma, note that (j2.7p implies 

jd<^,Ad^, < C||$,llL 

for some q > 2. On the other hand 

\mh--cA^Ah< Q / 

for any q' > q. This implies ||4 )j|1l9 < C and hence f d^j A < C. 

This concludes the proof first part of the lemma. The second follows from the fact that Auj -A Auoo 
pointwise almost everywhere and ||AMj||i;,<j is uniformly bounded for some q = q{f3) > 1. 
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